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Scalar Fluctuation Modeling for High-Speed
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A Reynolds-averaged Navier-Stokes-based scalar-variance model is described that extends a previous low-speed
nonreacting jet model to more generalized high-speed compressible reacting flows. The model is cast in a k—e
turbulence model framework. Transport equations for energy variance and its dissipation rate are solved to predict
temperature fluctuations and provide a thermal time scale for use in calculating a variable turbulent Prandtl
number. For multispecies problems, mixture-fraction variance and dissipation rate equations are solved that predict
species concentration fluctuations and provide a species mixing time scale for use in calculating a variable turbulent
Schmidt number. The formulation accounts for compressibility and near-wall damping effects. A series of high-
speed flow simulations are presented for both nonreacting and reacting configurations and the predictions are
compared to available measured data and companion LES calculations. Results demonstrate the models’ capabilities
over a range of conditions and suggest that the proposed formulation will provide improved predictions in practical
high-speed aeropropulsive configurations of interest, such as scramjet combustors, where turbulent Prandtl and

Schmidt numbers vary substantially.

Nomenclature
C, = specific heat
c = speed of sound
D = molecular species diffusion coefficient
D, = turbulent species diffusion coefficient

e = specific internal energy

e’ = fluctuating internal energy

f = mixture fraction

fa = scalar-variance damping function

S = turbulence near-wall damping function
f = fluctuating mixture fraction

k = turbulent kinetic energy

k, = energy variance

ky = mixture-faction variance

kr = temperature variance

M; = turbulent Mach number, /2k/c¢

Py = turbulent kinetic energy production rate
P, = P, with compressibility correction

Pr = molecular Prandtl number

Pr, = turbulent Prandtl number

=N
1l

. distance from jet centerline

Re, = turbulent Reynolds number, p/ky/u
Re, = turbulent Reynolds number, k?/ve
Sc = molecular Schmidt number

Sc, = turbulent Schmidt number

T = static temperature

T, = total temperature

u; = mean velocity

u, = Kolmogorov velocity scale, (ve)'/4
y* = sublayer scaled distance, u,y/v

y*+ = sublayer scaled distance, u,y/v

o = thermal diffusivity

o, = turbulent thermal diffusivity
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e = turbulence dissipation rate

&, = energy-variance dissipation rate

&y = mixture-fraction variance dissipation rate
er = temperature variance dissipation rate
I = instantaneous fluid viscosity

Uy = eddy viscosity

v, = kinematic eddy viscosity, i,/ p

0 = density

T = turbulent scalar diffusion time scale
- = time-averaged quantity

” = Favré-averaged quantity

Subscripts

e = energy variance

f = mixture-fraction variance

j = jet

T = temperature variance

w = wall

00 = freestream

I

URBULENT flows exhibit complex, nonlinear, unsteady,

multiscale characteristics, which can have a large influence on
heat and mass transfer. The simulation of high-speed aeropropulsive
configurations, such as scramjet combustors, missile and rocket
plumes, and fighter jet exhausts, must account for turbulent mixing to
produce an accurate prediction of the flow. For example, missile/
rocket base heating and pressure distribution predictions must
account for turbulence effects in the structure of the base flow, plume
temperature distribution, and entrainment of exhaust gases.
Turbulent density fluctuation predictions in jet plumes are essential
for reliable aerooptical assessments, and in a reacting environment,
combustion performance is directly influenced by the turbulent
mixing and distribution of the fuel/oxidizer species and temperature.
Although models to capture turbulence effects on the velocity field
have undergone substantial development in the past several decades,
there has been less focus on refining turbulent mixing predictions of
scalar quantities, such as species and temperature. The current work
presents an extension of a Reynolds-averaged Navier—Stokes
(RANS) formulation for predicting turbulent mixing of temperature
in nonreacting compressible flows to a model for turbulent species
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and energy transport, which can be applied over arange of flows from
low-speed/low-temperature flows to high-speed reacting flows.

Turbulent energy and species transport, in high-speed
aeropropulsive flows, are known to occur at different rates than
turbulent momentum transport. Most often, these rates are faster, and
in traditional RANS simulations this difference is accounted for
using turbulent Prandtl Pr, and Schmidt Sc, numbers in the diffusion
coefficient for the energy and species transport equations. Using a
gradient transport hypothesis, turbulent diffusivity is related to the
turbulent eddy viscosity by the relation

Yy

- Pr, M

o

In the case of species diffusion, a turbulent mass diffusivity D, is
calculated using Sc,, as the characteristic quantity
U[

=5 @)
Use of single (constant) values of Pr, and Sc¢, may suffice for simple
flows (i.e., Pr, = 0.6-0.7 in a fully developed, hot round jet), but for
more complex aeropropulsive flows (such as scramjet fuel injection
flowfields or divert jets on a hypersonic missile), these values can
vary substantially in both time and space. The practical remedy has
been to calculate local values of Pr, and Sc,, based on time-scale
relations, by solving scalar variance and dissipation rate equations,
having the same general form as the k—e turbulence model equations.
The current work considers such an approach, extending the model
of Sommer et al. [1] for temperature variance in nonreacting flows, to
an energy-variance formulation for Pr, and a mixture-fraction
variance formulation for Sc,, which can be used in both nonreacting
and reacting aeropropulsive flows for improved scalar mixing
predictions [2,3].

A two-equation scalar-variance model coupled to a k—¢ turbulence
model is used to predict local values of turbulent scalar diffusivity,
which is equivalent to using a variable turbulent Prandtl number in
Eq. (1). Earlier two-equation models for turbulent heat transfer in
wall-bounded flows by Nagano and Kim [4], Nagano et al. [5], and
Sommer et al. [6] provided a turbulent Prandtl number formulation
for incompressible flows. The Sommer et al. [6] model was based on
the variance equations provided by Launder [7]. Sommer et al. [1]
extended the model to consider high-speed compressible turbulent
boundary layers adopting the approach of Zhang et al. [8] for a near-
wall compressible k—¢ formulation. The current scalar-variance
model is based on the temperature variance method for variable
Prandtl number of Sommer et al. [1] for high-speed compressible
flows. The k—e turbulence model implemented by the authors adopts
features of the Zhang et al. [8] formulation for near-wall
compressible flows and has consistency with the Sommer et al. [1]
approach for scalar-variance modeling. Details of the turbulence
models are provided in a later section.

The approach used by Sommer et al. [1] to derive a variable
turbulent Prandtl number considers a time scale for turbulent heat
transfer ,,, which is based on the turbulent velocity and thermal time

scales
7, = ,/5ﬁ 3)
eer

The current model generalizes the temperature variance formulation
of Sommer et al. [1] to allow for modeling of high-speed reacting jet
and plume flows by solving for internal energy variance, which is
relevant to multispecies flows with nonuniform gas properties. In
addition, this approach allows modeling of chemically reacting

problems without introducing chemical source terms in the variance

equation, which are problematic [9]. The energy variance k, = ¢”e”

and its dissipation rate g, can be used in place of the temperature
variance and dissipation rate to derive the thermal time scale in

Eq. (3). Similarly, a mixture-fraction variance k; = f”f” model is
derived, where f is the mixture fraction in a two-stream problem, to

provide a relation for the time scale of species fluctuations in
calculation of a turbulent Schmidt number and mass diffusivity.

Prior work by one of the authors [10] presented a model for
temperature variance and turbulent Prandtl number, which was
shown to perform well for subsonic jets in capturing both the mean
and fluctuating temperature field as compared to measured data. At
supersonic and hypersonic flow speeds, compressibility effects must
be accounted for in calculating both mean and turbulent quantities,
and can have a significant effect on the fluctuation magnitude and
time scale, and turbulent mixing. For example, temperature
fluctuation predictions using large eddy simulation (LES) in both a
low- and high-speed shear layer with the same temperature and
velocity ratios were compared [11], with the fluctuations being lower
for the high-speed case (as is turbulent kinetic energy). The current
scalar-variance model is coupled to a compressibility-corrected k—¢
turbulence model shown to adequately predict both low- and high-
speed mixing flows [12] and capture the compressibility effects
observed in the LES shear layer calculations, as will be described.

A recent survey article by Nagano [13] reviews a number of
approaches proposed for modeling temperature variance in wall-
bounded flows. Predictions from these models have been compared
to basic nonreacting mixing problems; however, the models may not
be well suited to reacting flows due to difficulties with the modeling
of chemical source terms in the temperature variance formulation.
The work of Xiao et al. [14] presents a formulation for predicting a
variable turbulent Schmidt number in high-speed flows, using an
equation for the sum of the variances of species mass fractions and its
dissipation rate, and presents comparisons to nonreacting data sets.
In a mass-fraction formulation, chemical source terms are again
present in reacting flows, and some treatment of these terms must be
applied. Xiao et al. [15] discuss problems encountered with modeling
chemical source terms in scalar-variance models, and demonstrate
the poor performance of their models when the chemical source
terms are ignored. Improved comparisons to reacting data sets are
realized when the chemical source terms are modeled. The scalar-
variance models presented in the current paper avoid appearance of
the chemical source terms altogether and should be better posed for
application to problems in combustion.

The governing equations for both the energy-variance and
mixture-fraction variance models are presented in the following
section. Several validation studies are presented with comparison to
data, for both reacting and nonreacting flows, which show that the
energy and mixture-fraction variance approach can provide a
significant improvement in the modeling of turbulent mixing effects.
Results demonstrate that the predicted turbulent Prandtl and Schmidt
numbers deviate from substantially uniform values across a flowfield
when velocity and scalar gradients are present, indicating the need to
use scalar-variance models for capturing the differences in turbulent
thermal, species, and momentum transport.

II. Governing Equations

The compressible Navier—Stokes equations for mean density,
velocity, and energy and the k—e model for turbulent kinetic energy
and dissipation rate are solved using a Roe-based finite volume
scheme with Favré averaging. Additional equations for scalar
variance and dissipation rate are directly coupled into the equation
set; k,—¢, equations are included for internal energy variance, and
k¢ equations are included for species mixture fraction.

A. Turbulent Kinetic Energy and Dissipation Rate Equations

The k—¢ turbulence model is based on the original model for free-
shear flows of Launder et al. [16] with enhancements incorporated to
account for compressibility effects following the concepts of Sarkar
[17] and Zeman [18], and round-jet vortex stretching following Pope
[19] (whose use is restricted to concentric jets). The near-wall
damping formulation of So et al. [20] is applied with modifications
that permit usage of the original Launder et al. [16] coefficients in
place of those of So et al. [20]. The k—¢ model has the form
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Table 1 k—e model constants

Constant Value
C, 0.09
C, 1.43
Cy 1.92
Cy 0.79
o 1.0
o, 1.3
o 2.5
oy 2.0
B 75

A 0.2

ok _
M+—)—]+Pk—p8+SSk 4
o) 0x;

ape 8/517!_,‘5_ ad Mo\ 08 Af
Ty et veul V2 sl ey +f1Cs]Pk —f2Cppé %

j Xj Oc /) 0X;
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ou;
P, = ot —" 6
k pf:] axj ( )

_k?
Wy = fucup? (7)
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Model constants are defined in Table 1. The functional coefficients
fi=1—e Ra/A0? £ =12 e~ (RO and fu» as well as the
modified dissipation rate term § = g — 14 8k "f/_ are related to the

near-wall damping model of So et al. [20]. The compressibility
correction used [12] is given by

SSy = —aIZ\;I%Pk - azl\;ﬁﬁs 9)

where M 7 is lagged by a value of A = 0.2, so that compressibility
corrections do not initiate until this fluctuation level is exceeded.
Thus,

M ¢ = max[M; — A, 0] (10)

For round jets, in axisymmetric configurations, the vortex stretching
correction of Pope [19], modified for compressibility is given by:

0 ou 275 B 2
S8, = exp(— ﬂMT)CﬁL() (a“r a‘;) Z—]p% (an

This correction is applied to axisymmetric configurations with
Eqgs. (4) and (§) and cast in cylindrical coordinates, with x as the axial
coordinate.

An important feature of the near-wall treatment is that it avoids use
of boundary-layer-specific wall distance terms, such as y* and .,
allowing for application of the model to more complex flows. The
expression used for f, is

fo= (1 T 4/Re’/4) tanh(Re, /125) (12)

Complete details of the k—& model can be found in [12].

B. Internal Energy Variance and Dissipation Rate Equations

A transport equation for internal energy variance k, = e'e’ is
derived by taking moments of the energy conservation equation with
Favré averaging (¢ = ¢ + ¢”) and employing the gradient diffusion
hypothesis to model higher-order correlations. An equation for
energy k, variance and its dissipation rate ¢, coupled to the k—¢
equations is formulated in analogy to that of Sommer et al. [1] for the
temperature variance dissipation rate, including a near-wall
treatment.

The transport equations for &, and €, are given as

d(pk,) 0(pu;k,) 9 [ o, \ ok, _ (0de)?
APRe) | TR Y 2 7c
at + ox; 0x; P & Oke) 0x; +2pe 0x;

J

— 2pe, 13)

a, %

U,e 3)61
de A g,

+ po; Cdlk +Cd2k 3_ +Cd3PkE

g, -
- (Cd4 k. + Cys z) P + &t (14)

ot 0x; 0x;

J
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J

where the dissipation rate is defined as

_ de” de”
pe, = pa

1
axk 8xk ( 5)

and the heat transfer time scale based on Eq. (3) is

TITI‘E = ]_C& (16)
V £e,

The compressibility correction used in the k—¢ model is carried
over with the expression

P,=P, —a,M+P, — o, M>pe a7

&, is a near-wall damping function included to capture low-
Reynolds-number behavior, based on the formulation in Sommer
etal. [1]

_ &, é £¥)?
EST:fsT/O[(Cd4_4)k_€e+Cd5z8e_(k) i| (18)

a«/—2
,

where f.; = e ®a/8%0" is a damping term, &, =&, — (==
d=¢— 21)(38{)2, ake

Constants used in the ke—eg model are summarized in Table 2 and
are consistent with those proposed by Sommer et al. [1] for near-wall
flows, with the exception of o, . and o, ,. The current investigation
found that the Sommer et al. [1] recommended values of o, = 0.75
and o,7 =1.45 for near-wall temperature variance modeling

Table 2 Scalar-variance model constants

Constant Value
Cyu 2.0
Cp 0.0
Cys 0.72
Cu 2.2
Cys 0.8
Cy; 0.1
At 45
Ofe 1.0
[ 1.0
Ok s 1.0
O’sAf 1.0
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resulted in overly diffusive scalar-variance predictions for free-shear
flows when compared with data. Consistent with Chidambaram et al.
[10], in their investigation of temperature variance modeling for
propulsive jets, we have found that values of 0, , = 1.0 and 0, , =
1.0 provide a better match to scalar fluctuation data for free-shear
flows, while maintaining results for near-wall predictions
comparable to those obtained with the Sommer et al. [1]
recommended values.
The turbulent thermal diffusivity is calculated from

o= C)»f)»krm.e (19)

and the turbulent Prandtl number with near-wall damping is derived

as
C.f. [ke

Pr, =0 [ZZe 20

& Cifi ek, 0)

where C; = 0.14, which differs slightly from the value presented by
Sommer et al. [1] to better simulate the turbulent Prandtl number for
axisymmetric jets.

To recover the asymptotic behavior of the turbulent heat flux near
the wall, Sommer et al. [1] propose the use of the near-wall damping
function f;, given by

ClA

f fFT |/4 (1 - e—_v*/A*)Z (21)

The relation of f; to y™ in Eq. (21) presents problems when applying
the k,—&, model to complex flows where flow separation occurs and
standard boundary layer relations may not be applicable. Abe and
Kondoh [21] provide an alternative to the use of y*, by employing
the Kolmogorov velocity scale u, = (ve)'/* to define a wall distance
y* = u,y/v, which can be applied in both attached and detached
flows. We have found that the use of y* in Eq. (21) yields similar
near-wall damping behavior in attached flows and is well-behaved in
separated flows. Thus, the expression for the near-wall damping
function f; used in the current fluctuating-scalar model is

f fsT 1/4 + (1 - —y*/A+)2 (22)

The energy variance k, and its dissipation rate &, go to zero at the
freestream. At a wall, k, goes to zero and ¢, behaves as
&, = o, (04/k,/dy)>. For single species, constant-specific heat
fluids, the k,—¢, formulation reduces exactly to the k;—e; model of
Brinckman et al. [22].

C. Mixture-Fraction Variance and Dissipation Rate Equations

A mixture-fraction variance formulation is developed to model the
effects of species fluctuations on turbulent mass diffusivity and to
provide inputs to turbulent combustion models. A Favré-averaged
equation for mixture fraction (f = f + f”) mimics the species
conservation equation, without the presence of a chemical source
term, and is given by

dpf) 0P _ o
ot ox ox

J

[ﬁ(D +D,) g—f] (23)
J Xj

where D is the molecular diffusion coefficient calculated from the
local gas viscosity and Schmidt number, and D, is the turbulent
species diffusion coefficient. The mixture fraction behaves as a
dilution ratio and represents the mass fraction of all the atoms
originating from a given inlet (typically the fuel stream). Thus, f
takes on a value of 1 at the tracked inlet and O at all other incoming
boundaries. It is advantageous to work with a mixture fraction in
reacting flows to avoid the appearance of chemical source terms in
the equation used to predict species variance. The advantage arises in
the fact that a mixture fraction itself is a conserved scalar, thus
chemical source terms do not result on the right-hand side of the
mixture-fraction equation and its corresponding variance equation in

reacting flow problems. Alternative methods have been used to
model species fluctuations based on mass fraction. In reacting flows,
the mass-fraction-based species variance equation contains chemical
source terms as higher-order moments of the species mass-fraction
fluctuation and chemical reaction rate. These higher-order terms
have proven difficult to accurately model and need to be neglected to
avoid introducing additional error into the solution [9]. To avoid
problems with chemical source terms in reacting problems, the
mixture-fraction approach is used to predict species concentration
variance and turbulent Schmidt number. Transport equations for the

mixture-fraction variance k, = f”f” and its dissipation rate &, are
solved, coupled to the k—¢ turbulence model. The transport equations
for k; and & are similar to those for the energy variance and given as

d(pk d(pu;k ok
(Phy) | Opiks) _ 0 {57 4 Po +2/D, ary?
ot ox; 0x; Ok ax ax]
—2pe; 4)
38f
ox;
0 ~ &f
+ pD, (Cdl X, +Cap k) (a—j;) + Cd3PkIf

- (Cd4 kfj + Cys z)f’sf +&; (25)
f

)

0e,) | Apie) 9[-
TR o Pl (e

Here, the dissipation rate is defined as

af// af//
3x axk

pe; = pD (26)

and the mass transfer time scale based on Eq. (3) is

kk
g = < @7)
Sé‘f

The turbulent species diffusion coefficient is calculated from
Dt = C)»f)»krm.f (28)

and the turbulent Schmidt number with near-wall damping is

C.fu [ke
Se, = —4t |2 2
“=C, ek, (29)

The scalar-variance damping term f is that given by Eq. (22), and
model constants are identical to those of the energy-variance model
in Table 2. The near-wall damping terms &, ; is analogous to that used
in the energy-variance model,

(Ef)z
ky

&f—

X } (30)

&= fsT/_)|:(Cd4 )—Sf + CdS

kryo

andef =e,—D 1:—’ The mixture-fraction
variance k, and its dissipation rate &, go to zero at the freestream. Ata
wall, k; goes to zero and £, behaves as &; = D,, (3 /k/dy)3,.

In nonreacting problems, the mass fraction of an individual
species behaves as a conserved scalar, and a mixture fraction can be
derived by normalizing one of the species mass fractions. This
approach provides computational efficiency by eliminating the need
to solve an additional transport equation for mixture fraction. In
reacting problems, the same approach can be used with an inert
species, as its mass must be conserved. In the absence of an inert
species, the additional equation for the mixture fraction itself must be
solved to assure that the variance k; is based on a conserved scalar.

whereé, =&, —
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Fig. 1 Mach 2 round jet predictions vs Seiner et al. [24] data.

I11.

A temperature variance model was previously used to predict
temperature fluctuations in a low-speed Mach 0.24 axisymmetric
nonreacting jet. Comparisons were made to centerline and radial,
mean and fluctuating temperature data measured by Lockwood and
Moneib [23]. The methodology and results provided by
Chidambaram et al. [10] demonstrate that the proposed form of
scalar-variance model performs well for subsonic axisymmetric
flows. The current work extends that of Chidambaram et al. [10] to
high-speed supersonic flows for both reacting and nonreacting
conditions. Before considering more complex flows, several basic
high-speed data sets were evaluated to assure that compressibility
effects were properly accounted for with the scalar-variance model.
In all cases, grid refinement studies were performed to assure that the
results presented are grid-converged.

It is significant that in all cases presented in the current paper, the
model formulation and constants outlined in the preceding section
were used, without any case-specific refinement. Although some
minor adjustment of constants could have been made on a case-by-
case basis to improve comparisons, it is recognized that there is
uncertainty in the measured data as well as in the calculations due to
modeling simplifications and truncation error, and an “exact” match
to all of the data sets is not anticipated. Instead, our intent in the data
comparisons is to assess the capability of the proposed methodology
to capture the flow physics for a range of high-speed aeropropulsive
configurations without case-specific model tuning.

Nonreacting Flow Studies: Energy Variance

A. Mach 2.0 Hot Jet

First, we consider the hot, Mach 2 jet experiment of Seiner et al.
[24] discharging into still air. The jet total temperature is 755.4 K and
the surrounding ambient temperature is 300 K. This configuration
was previously evaluated using a temperature variance model.
Results reported by Brinckman et al. [22] for both a 755.4 and
1116.7 K jet compare favorably with experimental data and

demonstrate that the temperature variance model is properly
formulated for single-component, high-speed compressible jet flows
with significant temperature gradients. Comparisons with data for
the centerline velocity and total temperature variation using the
current energy-variance model are provided in Figs. la and 1b. The
calculated results with the compressibility correction of Eq. (17)
agree well with the measured data and are identical to those from the
temperature variance model [22], verifying that the energy and
temperature variance models are consistent for a uniform
composition, nonreacting flow, and that compressibility effects are
properly accounted for in high-speed flows. The curve labeled “k,—¢,
w/o CC” is the prediction without use of the compressibility
correction in the turbulence model; the deviation from the measured
data demonstrates the need for proper modeling to capture high-
speed effects. Comparison of model predictions to static temperature
data is provided in Fig. 1lc, along with solutions produced using
constant turbulent Prandtl numbers of 0.6 and 0.9. Here the energy-
variance model acts to vary the turbulent Prandtl number throughout
the domain and captures aspects of higher Prandtl number behavior
in the potential core region and lower Prandtl number behavior
downstream.

B. High-Speed Shear Layer: Uniform Gas Composition

The Mach 2 jet comparison demonstrates the capability of the
energy-variance model to accurately predict mean temperatures at
high-speed conditions. Because temperature fluctuation data at high
speeds are scarce, 3-D LES studies were used to provide data on the
fluctuating velocity and temperature field in free-shear layers.
Calhoon et al. [11] performed LES studies on a supersonic
(M, = 1.3) air/air free-shear layer with a 3.33:1 temperature ratio
(T,/T, = 1000/300 K) and 6.1:1 velocity ratio (u,/u; = 1531/
250.6 m/s). A compressible form of the algebraic Smagorinsky
model [25] was used for subgrid modeling. Inlet conditions for the
LES case were specified to model naturally developing free-shear
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Fig. 2 High-speed air/air shear layer predictions with uniform specific heat.

flows. These boundary conditions are discussed in detail by Calhoon
etal. [11], and were validated by comparison of predicted shear layer
growth rate with experimental data. Numerically, the LES simulation
used a fifth-order scheme for the inviscid fluxes, a fourth-order
central scheme for the viscous and diffusive terms, and a fourth-order
explicit time marching algorithm. The flowfield predicted by LES for
the high-speed shear layer exhibits a large amount of fine-scale
structure, in contrast to the large-scale spanwise rollers typical of a
low-speed shear layer. The RANS turbulence boundary conditions
considered background values of k, ¢ to mimic the LES inflow
fluctuations. Sensitivity analyses showed that the background
turbulence used in the RANS inflow boundary conditions produced
little effect on the predicted turbulence and energy variance.

RMS data from the LES results was extracted for the fluctuating
velocity and temperature fields to compare with the energy-variance
model predictions. Figure 2 presents results of the current RANS
k,—¢, simulations plotted in the self-similar region of the shear layer,
where §,, is the vorticity thickness. Air is treated as an ideal gas with
constant specific heat, and temperature variance is extracted from the

predicted energy variance as T"T" = e”e” /c2. Figure 2a shows the
turbulence intensity, and Fig. 2b shows a comparison of the predicted
temperature fluctuation intensity with respect to the temperature
difference AT = T, — T;. Results from the RANS energy-variance
model match the LES predictions for peak intensity for both velocity
and temperature fluctuations within 5%. Although the agreement at
the periphery of the shear region is not exact, the comparison is of
primary interest at the high-gradient interface region, where the
energy gradient in the source term of the energy-variance equation is
the prominent mechanism in the evolution of the temperature
fluctuations. Here, the test of the scalar-variance model is most
critical, and the agreement with the LES data is good, without tuning
of boundary conditions or model calibration constants.

The temperature variance from a k;—e; solution presented by
Brinckman et al. [22] is identical to that in Fig. 2b for the k,—¢,
model. The internal energy fluctuation intensity k2 /Ae is also
plotted on the same scale. It is noted that the internal energy variance
scales with the temperature variance for the uniform composition
gas. Results of a low-speed (M, =0.27) shear layer RANS
simulation with identical velocity and temperature ratios are
included to illustrate the effects of compressibility on scalar
fluctuations and mixing. The intensity levels in Fig. 2 are lower for
the high-speed supersonic shear layer as compressibility tends to
dampen the turbulent fluctuations. The average predicted turbulent
Prandtl number for the low-speed shear layer is significantly lower
than the average high-speed value of Pr, = 0.7.

C. High-Speed Shear Layer: Variable Composition Gas

The previous air/air shear layer solutions demonstrate that the
k,—¢, and ky—e; models produce equivalent values for temperature

variance in situations where the gas composition is uniform and
variations in specific heat are neglected. The problem is repeated here
with a temperature-dependent specific heat. Figure 3 plots predicted
self-similar temperature fluctuation intensity from the k,—¢, model,
compared to the LES data. Internal energy fluctuation intensity is
plotted on the same scale. All compare closely with a slight deviation
between the energy and temperature fluctuation intensity due to a
small variation of specific heat with temperature. A second case
considers an air/helium shear layer with the previous temperature and
velocity ratios. The ratio of specific heat at freestream conditions is
Cyair/ Cone ~ 0.27. Figure 4a presents the temperature fluctuation
intensity for the air/helium shear layer predicted from both the k,—¢,
and k;—e; models. Here, we can see a deviation in the predicted
temperature variance as the k,—¢, model considers the gradient in
internal energy in the k, source term and uses the local value of ¢, to
extract the temperature variance, whereas the k;—e; model uses the
temperature gradient for the k; source term. It is interesting to
compare the profiles for normalized mean temperature and internal
energy (quantities are normalized with respect to the freestream) in
Fig. 4b, which illustrates the appreciable difference in the gradients
used in the production term for k; vs k,. Finally, an air—hydrogen
shear layer is considered with the same temperature and velocity
ratios, but a larger ratio of specific heats c, ../, s, = 0.084. The
temperature fluctuation intensity predicted by both models is
presented in Fig. 5a. A more pronounced difference in both the
magnitude and shape of the temperature variance resulted due to the
significant variation in gas properties between air and hydrogen.
Based on sensitivity studies, the temperature variance calculated

from the energy variance as T"T" = e”e"” /2 is expected to be within
10% of a more rigorous derivation with fluctuation intensities below

---------- LES
= K, -¢,
02 k%Ine
015
-
Pl
& 01F
:xn-
0.05[
0] I |
2 2

yis,
Fig. 3 High-speed air/air shear layer temperature and energy
fluctuation intensity with variable specific heat.
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Fig. 4 Air/helium shear layer.

02

015

a) Temperature and energy fluctuation intensity

b) Mean temperature and internal energy

Fig. 5 Air/hydrogen shear layer.

50%. Mean temperature and internal energy profiles in the self-
similar region are presented for the air—hydrogen shear layer in
Fig. 5b. As expected, the deviation between temperature and internal
energy is greater than the air—helium shear layer because of the larger
differences in gas specific heats.

The variable composition shear layer studies reveal the breakdown
in the temperature variance k;—e; model as nonuniform gas
properties are encountered. The results suggest that in single-species
applications, the k;—e; model can be accurately applied to predict

temperature variance 7”T” as long as the gas specific heat is not

0.2
0.15F
<
o1}
=
005k Hot Jet k; -5,
3 (=] Helium Jet k, -¢,
0 L L L L L L L L L L L L J
0 50 100 150
XIRj

a) Axial variation

overly sensitive to temperature variations. For situations with
nonuniform gas properties throughout the flowfield, the k;—; model
will become increasingly inaccurate and the energy-variance k,—¢,
model is better suited to predict the temperature variance.

IV. Nonreacting Flow Studies: Species Variance

The mixture-fraction variance model equations, used to predict
turbulent species mixing, are developed from the temperature
variance model equations. Given the same turbulence field (%, ¢),

03r
B Hot Jet k -&;
[} Helium Jet k, - ¢,

<
D
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L TR PSR TSRS e
0 05 1 15 2 25° 3
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b) Radial variation

Fig. 6 Mach 0.85 round-jet scalar fluctuation predictions for a hot jet vs helium jet.
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Fig. 7 Coflow helium-air jet contours of turbulent Schmidt number.

mean velocities, and density, the two models should provide the
same scalar fluctuation levels for similar mean scalar gradients, in a
nonreacting flow. Figure 6 shows a comparison of predicted
fluctuations for two axial jets; one case considers temperature
fluctuations for a hot jet of uniform composition discharging into a
cold freestream, whereas the other considers species fluctuations for
an isothermal helium jet discharging into an air freestream. The
density ratio pj/ps is the same in both cases. The radial and
centerline fluctuation intensity, that is, normalized variance, for both
jets are identical, where 6, refers to the difference between the Favré-
averaged mean scalar value at the axis and freestream. ' is the square
root of the predicted variance and represents the magnitude of the
fluctuation. This fundamental test case demonstrates that the
predicted mixture-fraction variance evolves appropriately with the
model equations and constants, as posed. We now consider several
validation cases to determine whether the mixture-fraction variance
model provides accurate prediction of turbulent species transport, in
nonreacting flows.

A. Coflow Helium/Air Jet

A nonreacting, coflow jet is analyzed using the mixture-fraction
variance k;—&, model to predict turbulent mass diffusivity. Two
uniform coaxial jets discharge at Mach 1.8 into still air. The center jet
consists of 95% He and 5% O, by volume discharging from a 10-
mm-diam nozzle. The outer air jet has a nozzle outer diameter of
60.47 mm. Both jets exit at atmospheric pressure. Two cases are
considered; in one case, the mixture-fraction variance model is used
to provide a variable turbulent Schmidt number and turbulent mass
diffusivity, employing Eqgs. (27-29). In a second case, a constant
value for turbulent Schmidt number, Sc, = 0.7, is used as typical of
what may be considered reasonable for a round jet. Results for mean
mass fraction and velocity are compared with the experimental data
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v Cutler Data X/RJ =52

— ke,

09f
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06f
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a) Jet velocity
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of Cutler et al. [26,27]. The nozzle geometry is modeled and grid
refinement performed. Figure 7 shows contours of turbulent Schmidt
number predicted with the proposed model, against a background
freestream value of Sc, = 0.9. A closeup of the inner-nozzle region
shows the largest deviation from freestream occurs at the nozzle exit
between the boundary of the two jet streams, where the value of Sc, is
at its minimum. The variation in Sc, through the domain is an
indication of the difference in turbulence and turbulent species
diffusion time scales, as reflected in the definition of turbulent
Schmidt number in Eq. (29). Figure 8 provides comparisons to
experimental data [26,27] for velocity and mixing of the center jet
species. Predicted velocities compare well to the measured data in
Fig. 8a, allowing a relevant assessment of the species mixing model.
The predicted helium—O, mass-fraction distribution is compared
with experimental data in Fig. 8b. Results for both a constant value of
turbulent Schmidt number Sc, = 0.7 and the proposed variable
turbulent Schmidt number & ;—¢, model are presented, showing the
improved comparison to experimental data provided by the mixture-
fraction variance model.

B. Supersonic Tangential Injection Mixing Layer

A nonreacting tangential flow experiment conducted by Burrows
and Kurkov [28] is simulated using the mixture-faction variance
k—~¢&, model to predict mixing between a Mach 1.0 hydrogen stream
at 254 K and a nitrogen/water-vapor stream flowing parallel at
Mach 2.44, 1150 K, with a 0.767/0.233 mass ratio. The energy-
variance model was used to predict turbulent thermal mixing
between the streams. The experiment simulates a supersonic
combustor arrangement, except that for the mixing study, an inert gas
is used in the freestream. Application of the proposed models to a
reacting case will be presented in the next section.

Model predictions for species mole fraction and total temperature
are compared to experimental data measured at the exit plane of the
combustor. Results are also presented using turbulent Prandtl and
Schmidt numbers held constant at 0.5 and 0.9. Figure 9a shows the
predicted species mole fractions at the exit plane compared to
measured data, and suggests that Sc, = 0.9 provides a good match to
the exit plane data. The location ¥ = 1.58 cm corresponds to the
coordinate at the top of the upstream injector. The result for Sc, =
0.5 illustrates the sensitivity of the species mixing to the choice of
turbulent Schmidt number.

Total temperature predictions vs measured data at the exit plane,
normalized with wall and freestream temperatures, 6, = (T, — T,,,)/
(T, oo — T,,), are provided in Fig. 9b. The energy-variance k,—¢,
model captures the extent of the mixing region suggested by the data.
The total temperature predictions are similar to those produced with a
constant Pr, = 0.9, except that there is slightly better agreement with
the data closer to the wall using a variable Prandtl number. A constant
Pr, = 0.5 overpredicts the mixing.
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Fig. 8 Coflow helium-air jet predictions vs Cutler et al. [26,27] data.
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Fig. 10 Burrows and Kurkov [28] combustion study exit plane predictions vs data.

V. Reacting Flow Studies

An aim of the current effort is to provide more accurate modeling
of turbulence effects on energy and species mixing in high-speed
combusting environments. As such, we have evaluated model
performance for some basic high-speed reacting flows with
comparison against experimental data. Recognizing that the
combustion process involves added complexities, we restricted our
attention to H, / Air problems (where the kinetics is well established)
under conditions for which burning should readily occur. Finite-rate
chemistry was modeled using an abridged version of the 1988
Jachimowski mechanism [29], which excluded the reactions
involving nitrogen. This mechanism contains 20 reactions and nine
species (H, H,, H,0, O, O,, OH, HO,, H,0,, and N,). It is found that
the proposed scalar-variance models predict variations in turbulent
Prandtl and Schmidt numbers that respond to the local reacting
conditions and improve predictions over those achievable using
constant values.

Schmidt Number

0.40 0.56 0.72 0.88 1.04 1.20

XIL,g
a) Turbulent Schmidt number

A. Supersonic Tangential Injection Combustor

The mixing layer experiment of Burrows and Kurkov [28]
discussed in the preceding section was repeated with oxygen present
in the freestream, to provide a combusting environment. A
simulation using both the energy-variance and mixture-
fraction variance models was performed. Total temperature,
0,=T,—T,,)/ (T, —T;y), and species mole fraction predic-
tions are compared with experimental data at the combustor exit
plane in Fig. 10a and 10b. Results assuming constant values for
turbulent Schmidt and Prandtl number are also presented. The
comparisons show that use of the variance models provides a better
match to the experimental data, because the turbulent Schmidt and
Prandtl numbers can adjust to local conditions in the domain. Total
temperature is somewhat underpredicted; however, the variable
Prandtl number captures the return to freestream conditions better.
Contours of predicted turbulent Prandtl and Schmidt number are
shown in Fig. 11 just downstream of injector. The effect of the
combustion on these parameters is evident as their behavior changes
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Fig. 11 Burrows and Kurkov [28] combustion study; predicted values of turbulent Prandtl and Schmidt number.
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Fig. 12 Coxial beach jet predictions vs data.

significantly at the ignition point (x/L;, = 1). Mild variations in both
Pr, and Sc, occur within the shear layer upstream of the ignition
point. At the ignition point, both profiles broaden due to heat release
and flow dilatation, and Pr, and Sc, locally increase.

B. Supersonic Coaxial Jet

The Beach hydrogen/air coaxial reacting jet experiment
documented by Evans et al. [30] was analyzed using the energy
and mixture-fraction variance methodology. Results are compared
with measured data. Predictions using constant values of turbulent
Prandtl and Schmidt number, Pr, = Sc, = 0.7, typically suitable for
a round jet, are also presented as a baseline calculation. The
experiment consists of a Mach 2.0 hydrogen central jet discharging at
a temperature of 251 K into a Mach 1.9 vitiated air freestream at a
temperature of 1495 K. Jet nozzle turbulence conditions are specified
based on comparisons to data for measured pressure at the jet exit and
centerline nitrogen mass fraction. Figure 12a presents comparisons
of hydrogen mass fraction along the jet centerline. Figure 12b
presents comparisons of the radial distribution of water vapor mass
fraction at an axial location of x/d; = 21.7. The predictions compare
well to the data, providing confirmation that the variable Sc, and Pr,
formulations are capable of capturing the evolution of turbulent
scalar transport within combusting flows. The predicted turbulent
Prandtl and Schmidt number along the jet centerline are shown in
Fig. 13, deviating from a constant value in the developing region of
the jet, and then relaxing towards expected values further
downstream. This capability of the scalar-variance methodology, to
adjust Pr, and Sc, to local effects, allows for greater flexibility in
modeling turbulent scalar mixing, particularly as more complex
flows need to be considered where use of a single, constant valve for
Pr, and Sc, is inadequate to capture the variation in turbulent scalar
mixing.

Pr, Sc,
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L
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Fig. 13 Coaxial beach jet; centerline distribution of predicted
turbulent Prandtl and Schmidt number.

VI. Conclusions

A scalar-variance model to predict variable turbulent Prandtl and
Schmidt numbers has been formulated based on internal energy and
mixture-fraction variance concepts. Transport equations for the
scalar variance and its dissipation rate are presented. Turbulent
Prandtl number is based on a ratio of the turbulent velocity time scale
from a k—e turbulence model to a thermal time scale based on the
internal energy variance k, and its dissipation rate ¢,. Turbulent
Schmidt number for mass diffusivity is based on a ratio of the
turbulent velocity time scale and a species-mixing time scale from a
mixture-fraction variance k, and its dissipation rate ¢;. The current
formulation avoids higher-moment chemical source terms for
reacting flows, which appear in alternate formulations and are
difficult to accurately model. This enhancement makes the method
attractive for combustion applications. Model predictions for a range
of mixing and reacting flows with energy and/or species variance are
compared with measured data. Significantly, the model constants are
held fixed for the range of cases considered and good agreement to
the experimental data is obtained without application-specific tuning
of the constants. Compressibility effects for high-speed flows appear
to be adequately modeled. The capability to predict and apply local
values of turbulent Prandtl and Schmidt numbers for both mixing
and reacting cases provides better computational agreement to
experimental data than use of fixed Prandtl and Schmidt numbers.
The scalar-variance models also provide information on fluctuating
temperature and fluctuating species concentration, which are useful
for a number of applications such as jet noise prediction and
turbulence-chemistry interaction modeling.
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